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GLOSSARY OF NOTATION

Function

Funetiom

Pmetion

Function

Chemical Enargy

Total System Rotational Energy

Rotational Energy of Power Turbine Agsembly

Reciprocal of Dimensionless Specific Fuel
Cansuuption

Function
Punction
Punction
Integer

Net Polar Moment of Inertia of Righ Speed
Turbipe -Compresasor Pair

Net Polar Moment of Inertia of Low Speed
Turbdine~Compressor Pair

Net Folar Moment of Inertia of Power Turbine
and Load

Integer
Throttle Pngition
Throttle Pogiticn at Idle Fuel Rate

1v/hr
1v/hr

1b/hr
1b £t
1b ft
1b £t

1o 1t

rpe
1t/hr

1b £t sec?
1b 't seo?

1b £t sec?
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GLOSSARY OF NOTATION (CONT'D)

Throttle Position at the Fuel Rate, Wy J
Integer -
Integer -
Spead of liigh Speed Turbine rPa
Speed Set Point of High Speed Turdine by ]
Speed of Low Speed Turbine by ]
Speed of Fower Turbine rpm
Applied Torque 1b £t
Load Torque ib 't
Powsr Turvin® Torque 1b £t
Dimengionlege Specific Fuel Consumption -
Time sec
Fuel Rate 1whr
Idle Fuel Rate 1%/hr
Funct4on 1b/hr
Maximum Fuel Rate 1w/br
Quaei-Static Fuel Rate 1v/hr
Accelerating Fuel Rate 1b/nr
Net Power Turbine Torque | 1b 't
Gas Generator Speed Error TPm
Constant aec
Mazigum Time Constant of Fuel Controller %0
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ABSTRACT

A mathemtical model of a gensral marine gas turbine system was
developed in an effort to provide an analytical representation from which
the dynamics equations of sgspecific systems are deducible, The model is

' ocompriged of a peir of coupled, non-linear, firgt-order, ordinary differen-

t tial equations., Supplemental data is required to effect specialization of
these equations to establish representations of specific systems. These
date are derivable from the steady-state characteristics of the engine

and the dynamic responses of the fuel control system to select input

excitations,
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SUMMARY PAGE

Ibe Froblem

To develop & mathematical representistion of a peneral marine gaa
turbine systen.
Findinga

The equations which govern the transient behavior of such a gystem can
be derived from physical principles independent of specific system design
information., Consequently, these¢ equstions cun be applied to a variety of
gas turbine engines for purposes of simulation or control system develujment.
Becoumendat iong

Specialize theae equations to obtain a model of the [LM-2500 engine,
Develop a computer similation of the model system in preparation for

correlation gtudies with the real systenm,
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ADMINISTRAYIVE INFORMATION
Authority for the research described in this report is contained in

NAVSECPHILADIV Semf-Annual Program Sumnary of' 1 November 1972, The

RDT&E Subpro ject No. assigned was S5-F139-432-109, Tagk 12504; the
NAVSECPHILADIV Project No, is ¢-93-11,

Thig is a final report, the seco d of a serioa(l) of reports describing

atudies related to the dynamies of a marine propulsion gas turbine sgystem.

Superscripts refer to references in tre Binliography.
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REPORT OF INVESTIGATION

YNTRODUCTION

The need {or a generalized analytical model of a gas turbine system
1s generuted by the variety of engines being used or propoged for naval
propuleion plants. Representations of specifiq systems are gpecialigations
of this model achieved by inposing the requisite mathematical constraints.
The resulting equations can be mechanized on a computer to serve &s a
dynamic test system for research being performed under related projects,

The DIVISION is currently engapged in a .umcer of projects concerned
with the dynamic response characteristics of gas turbine systems.
Design of a control system for a high speed waterbrake hags been undertaken
in an effor® to simulate the dynamic loading encountered by gas turbines
driving controllable pitch propellers, Preliminary design evaluations will
be conducted on a computer, end therefcre will require a computer synthesis
of the plant. This simulation may also be used for developmenial testing
of a method designed to determine the dynamic characteristics of nonlinear

gystews. The method is an analytical procedure that requires dynamic response

Bt

data acquired by linear test methodes for the construction of a system
representation. The nonlinear characteristics of the gas turbine systenm
will require the application of the full machinery of this analysis to the

model trausient tegt data and thereby exhaust possible problem areas in

the ansalyais.
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DFSCHIPLION OF SYSTEM
The ergipe is composed of two major units, an axial flow gas generator
and a free (or power) turbine, The external casings of ihe gas generator

and free turbipe are connected together to form a continuous duct for the

pascage of gases through the engine, Coupling between the gas generator
and power turbine ls esrodynamic. The gas generator consists of two multi-
gtage compregsors, & combuation section and two multi-stege reaction turbines,
A concentric ghaft is used to connect the compressors to their corresponding
‘turbines,

Systep input energy is supplied by fuel pump and controlled uy
a mlti-input, single-output fiel controlier, The controller delivers
part of the fusl to the engine and routes the remminder back to the pump
interstage. Engine accelerations are initiated at the throttle (one of the
several controiler inpuis) and follow schedulea defined by the controller
which is programmed to avoid overtemperature and surge limits of the gus

generator, The controller alse includes a deceleration schedule that

providesg for tlowout free decelerations,

|
’ ' . " ¥
ke B AR AT o0 LSl A oLl s s v b e 0 bl Sl e oL ot ol L i i, 1 .m.“.umwmm




VE RIS Wy g -

RS FEL P B4 S5 2w 1 1

i NAVSECPHILADIV PRGJECT C-53-11
THE GAS TURBINE
The steady-state characteristics of the power turbine define s mathematical
relationship which establi:hes the torque, Qp,developed by the power turbine
. g as a function, f,of fuel rate, W, .and poser turbine speed, Np.

Qp = f{Wg, Np) lu (1)

Tre coupling between gas generaior turbines i{s aerodynamiec rather than
mechanical, however, in the sicady-state, the fuel rate alone prescribes
the speeds of the compressor-turbine paire 80 that a fixed relationship
2xists between these two different speeds. MNoreover, the unoccupied volume
between the high and low speed turbines is small. Thus, during accelerations,
the gpeeds of the compresaor-turbine pairas tend ¢0 change in phase in
accordance with their steady-state correspondence. Let Ny and N, be the
respective speeds of the low and high speed turbines. Then, during steady-
state or transient conditions, the current speed, Ny, determines the speed

Ny in the manner prescribed by the following relationship.
. B N = g(Ny) rpm (2)

Suppoge the gas generator system resides at a state zharacterized by
the fuel rate, Wp, and the power turbine speed, Np,. At the ingtant,
t = 0, the fuel rate is instantaneously changed to Wp, *+ & Wr. After )

the time interval, dt, this change in input energy gives rise to an increaue

in the rotational energy of the entire system., It dMp, dN,, and dN.p are
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the accoxpanying speed changes in the low epeed, high speed, and power
turbine reapectively, then the total stored energy increase dEg,

achieved in the interval, dt, is given by the following equation:

dEg = 0,011 (J) Ny dMy + JpNpdMp + JpNpdNp) 1b £t (3)

The constants J}, Jh, Jp are the polar moments of inertia of the three
mechanically independent rotating assemblies, Equation (2) can be

used to eliminate Ny and d¥; from equation (3).

dEq ™ 0,011 JpNpdNp *+ 0,C11 (JnMn + & g(M,)) aN 1b £t (4)

Assums that gas generator speed, N,, and fuel rate have a one-to-one

correspondence, h, in the steady-atate,
We = h(Ny) 1b/hr ' : (5)

Let the gpecific heat releage of the fuel be?y, Then the dimensionless

gpecifie fuel consumption, s, ia given by the equation:

YW
a »2.,00 L : (6)
NpRp

Eliminate W, in equation (6) by means of the relationship implied by equations

{5) aad (1) to obtain & as a function of N.p and N, (¥ is a constant).

2.07Y h(Ny,) ,
RGN 7
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The specific fuel congumption {s the ratio of the chemical energy
input to the mechanical energy cutput end as such implies that storage of
an additional JpNpdNp unite of rotational energy requires the release

of 8 Jp Np dNp unite of chemical energy., Define e by the equation

e = !: (8)
r

and regard e as 8 dimengionless varimble efficiency, Then the chemical
energy increase, dEc,required to achieve a rotational energy change, dF.,

is piven by the following equation:

= 1l -e
B, = dEg + (S—2) dEg, 1b ft (9)

where dEsp is the additiional energy stored in the pwer turbine during the
{ntervel, dt. Fliminate dF., and dEs from equation (9) ana substitute the
quantity, 0,21687Y4 Wy dt for dC,, Divide the resulting equation by dt to
determine that:

197 W =g JpNphtp + (JnMn + J18' )My 1y gy (10)
The terms, A Wp is the difference fuel rate defined by the equation:
8 Wp (t) = Wa(t) - W o(2) 1v/hr (11)

where We(4) is the actual time-dependent fuel rate and \'ma is the quasi-

static fuel rata determined by the following procedure, Solve equation

(1) for W, and obtain:
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We = C (Qp, Np) 1/hr (12)

Fquate Qp to Q) (Ql is the load torque) and We to Wgo, and obtain ihe resuclt:

Wrqs = C (Q1, Np) 1b/hr (13)
Finally, substitute equation (13) into equation (11) and replace 4 Wg in
equation (10) with this result.

19.7Y (Wg(t) = C (Q, Np)) =
 JpNphp + (nMy + 726 (W) Ry 1b £t (14)
The acceleration, Np of the power turbine is inversely proportional
to the total polar moment of inertia (consieting of the power turbine and
lomd) and directly proportional to the net torque, A pQ acting on the
turbine shaft,
ﬁp - 235-’5 AR P/ sec (15)
P
Moreover, the net torque ig comprised of the applied torque, Qg and the
load reaction torque, Q.
APQ = Q - Q 1b ft (16)

Substitute equation (5) into equation (1) and thereby eliminate W, from

equation (1) and equate this result to Q; to obtain the following equation.

Np = 9-3? (f (b(Mn), Np) = Q)  rpw/sec (17)
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Equations (14) and (17) are a gystem of two coupled, nonlinear, first-
order, ordinary differential equaticns, and hence require two initial
conditions: Ny (0) and N, (0) to uniquely determine the solution,
Consequently, the time-dependent behavior of a gas turbine engine is

deducible from the solution of the following initial-value-problem (ivp).
p = 2a04 -
Np 2 (f (h(dy), Np) = Q) rpn/sec

L IpNpip + (InMy + J1g' (M) By =

1977 (We(t) - C(Q, Np)) 1b ft (18)
Ny (0) = Noo rpm
Nn (0) = Nyo rpm

The derivation of the initial value problem (equation (18)) ie bamed
upon certain simplifying asgsumptions which offer a compromise between
reality and mathematizal tractability. It has been aseumed that: (1) there
is & one-to-one correspondence between fuel rate and gas generator speed
in the steady-state; (2) the definition of the specific fuel comsumption
can be extended t0 serve as a meaningful statement of overall aystem
efficiency for both static and dynamic machine operation; (3) the steady-
state operating characteristics of the power turbine can be used as a
aolution to the problem of determining the accelerating torque on the

turbine by formally replacing Wy with h (equation (5)); (4) the two

b1 1 el ek LR
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: coopressor-turbine pairs change speeds in phage during a transient; and
(5) = quasi-static fuel rate can be cefined 10 serve as a measure of the

energy needed to sustain the engine at each of the ungettled states that

it pesses through duripg a transieny,
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THE FUVEI, CONTROLLER

The fuel controller on a gas turbine engine is a multi-irput, single-
output device. Controller response i3 characteristically repid with respect
to the regponse time of the engine., In fact, the dynamic behavior of the
fuel cortroller can be guccessfully described by assuming that the equations
governing its operation do nmot explicitely depend upon time., Consequently,
the time-dependent nature of the fuel controller must be a manifestation
of the transient behavior of one or more of its several inputs.

Nc attempt will be made to analyze the configuration of individual
constituent elements in a fuel ocontirol system, However, it is possible to
construct a4 mathematical representation of such devices from an aralysis
of transient data acquired by performing e series of tests degsigned specifically
for this purposeé, These tests are based on the assumption that the fuel
controller can be regarded ag & static nonlineerity of the gas turbine gystem.

Let Wrp and Wejy be the maxipum and idle (minimm) fuel rates, respectively,

Construct the function, Wpy defined by the following equation:

w -
a W + _ﬁn____wﬂ 1b/hr

v fk-1 n (19)

fk

k-zyooo-,n

vhere W, = O and Wpy = Woy. At each of the n different steady-state fuel
retes defined Ly equations (19), conduct the following teste on the fuel

controller,
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At t = 0} W = Wey and Ny = h™1 (Wg,) where 1-l ig the inverse of the
function h defined implicitely by equation (5), Let L be throttle position

and thus Ly, Lj, and L, correspond, respectively, to Wpy, Weq and Wy,

Wi o Sl e

Introduce a step-change in L from Ly to Ly + -&“—i-ﬁn (m is an integer).

it

Record the {inal gas generator speed, N, and the full tranaient response

of the fuel rate, Reset the throttle to I.k and perform a test similar to

the previous one except that in this instance, the throttle ie to be

i b Do |

advanced 4o the position Ly + xgn (L = Lx). Exhaust the m possible tests

gl 2l -

in this sequence (Lx %0 Ly +‘,,1, (Ip - Lx); § =1, . . ., m) and reget the
throttle to Ly. Introduce a throttle step-change from the setting Ly to

A i

X - (—I:L;T-Lﬁ—)- . Record the final gas generator speed and the full

Al e bt

transient rssponse of the fuel rate, Again, exhaust the m possible tests

in iis eequence (Ly to Ly - ‘mi (Lx = L) =1, ¢« . ., m). Set the

throttle to achieve a fuel rate, Wey ., and denote thias throttle setting

by Iy .1 and repeat the 2m tests conducted previously. Continue in this
magrer until all n possible fuel rates (Wey; k =1, . , . , n) have been

explored, 3
‘The integer, n, should be greater than or equal to three (3). The

integer, m, however, is evidently dependeni on the difference L, - Ly
(Lx = Ly) for positive (negative) throttle step-changes. Near Wem (Wey)

the difference Lp - Ly Ly -~ Lj) is emell and hence the number of tests,

kil 1 i M ALl i

=, required in this intsrval are few (perhaps one), Conversely, large

“

10
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differcivus between Ly (Lyx) and Ly (Lj) for positive (negative) throttle
step-changes may require m to be three or more to ensure thet the transient
records evince a smooth patternm.

The fuel controller test records for the positive and negative throttle
step disturbances are analyred over the time interval (0, ¢) where € is
gome positive number and zero is the time at which the transient was
initiated, let Tgp be the maximum time constant of the fuel controller.
Then ¢ ig bounded below by T, and above by the requiremsnt that at t = ¢
gas gererator speed, N, , must not differ significantly from its initial
value, Determine the maximum fuel rate in the interval (O, ¢) for each
transient record. Construct a graph of maximum fuel-rate vs the difference
gpeed, A N, at each of the n steady-state fuel rates, Wy (k =1, , . ., , n),
The quantity, &4 Nn is determined for each record by the following prescription:

AN, =Ny (@) = N, (0) PN (20)

The time-dependent fuel rate can then be expressed mthematically by the

following relationship.
We =B (Ny, & Ny) 1b/hr (@)

Interpret 4 Np a8 the error between gaa generator epeed, N, and ite
speed set point, MNy,, Then let E be the function derived from B which

takes Ny, and My, into Wg,
W= B (M, Np,) 1b/hr (22)
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Denote by D the function which relates L and M, and replace My, in equation

¥ (22).by D (L) and substitute this result into equation (18) tc ocbtain the
following system of equations,
Np = 9-5-15)1‘ (£ (a(M), Np) = Q) rPn/sec
s phpip * (nMn ¢ 3 g () By =
19.77 (E (D(L), M) - C (Q1, Np)) 1/t (23)
Np(0) = Npo rpm
Np(0) = Npo TP
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CONCLUS10NS

A marine propulsior gas turbine engine 1s dynamically characterigable

by a gystem of two nonlinear differential equations, These equatioms are

a succinct statement of the physical principles underliying the transient
behavior of gas turbines in general, Representations of specific systems

can be systematically deduced from equation (23) by imposing the appro-

priate mathematical constraints on these equations. These constraints,

{n turn, are developed from data derived from: (1) the gteady-state

characteristics of the engine, and (2) the dynamic responses of the fuel
cantrol system to gelect input disturbances,

13
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